p6

Numbers and Sets 3rd  Example Sheet

Q1.  If: Suppose ((n) ( n -(n then n is composite

Only if: Suppose n is composite then ((n) ( n -(n.

My thinking:

We actually know more about ((n) when n is prime (ie the opposite of composite) so lets have a look at that first.

Suppose n is a prime p then ((p) = p-1 and this is > p -(p since 1<(p. So it is false that ((n) ( n -(n. This is one half of our proof. You might like now to ask yourself which of the two statements above we have now proved……?

Intuitively you could think: I haven’t assumed n is composite, in fact just the opposite so I can’t have proved the ‘only if’. I must have proved the ‘if’.

More formally you can say: I have proved that n NOT composite implies the inequality is NOT satisfied. This is a contrapositive NOTP(NOTQ so is equivalent to proving Q(P (notice the P and Q order reverses). Again that is the ‘if’.

Now for the ‘only if’. 

Suppose n is composite. Just try an example to get us familiar with the idea: 

say n= 6, then ((6) = 6 (numbers 1to 6)  –3 (multiples of 2) –1 (multiple of 3 which is not a multiple of 2) =2 so it is true that ((6) ( 6 -(6  which is between 3 and 4.

The square root is involved so it might be good to try a square number for n.

If n= 9, then ((9) = 9 (numbers 1to 9)  –3 (multiples of 3) so it is true that ((n) ( n -(n because it is equal. 

So to find ((n) I start with1 to n and subtract the number of these that share a factor with n, and this subtracted number is what I have to explain is more than (n.   

That leads me to my proof:

RTP Only if: 

((n) =|{m(N :1(m(n, (m,n)=1}|   (always good to start with the relevant definition)

Suppose n is composite then n has at least one factor a such that 1<a((n (think about this …). 

There are b multiples of a between 1 and n where b=n/a. 

So ((n) ( n –b (only (  as there may be other multiples to take out) 

Moreover, b>(n.  So ((n) ( n -(n.

And just to repeat the earlier proof

RTP If: n composite if ((n) ( n -(n.
Suppose n is a prime p then ((p) = p-1 and this is > p -(p since 1<(p. So it is false that ((n) ( n -(n. 

If n=pq then from the definition above, or the formula we worked out for ((n) last time : 
[image: image1.wmf])

1

1

)...(

1

1

)(

1

1

(

)

(

2

1

r

p

p

p

m

m

-

-

-

=

j

 we have ((n) = pq -p- q+1  and n=pq.
To find p substitute q=n/p in the boxed formula and then you have an equation in p which yields a quadratic: 
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with two solutions. Think about symmetry or do the working for q you’ll see that these two are actually p and q.

Q2.  

You could do this less formally but I want a formal proof..

We need a good notation for a general n-digit number eg N =  
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.  We would normally write N as an an-1….a2 a1 a0 so eg a0 is the 1s digit.  Then N  =  
[image: image4.wmf])

1

10

(

0

-

å

=

n

i

i

i

a

+ 
[image: image5.wmf]å

=

n

i

i

a

0

.  

All I have done here is to subtract out the 
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to get them appearing separately. 

Now each number of the form 
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is a multiple of 9 (*) so 
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 is a multiple of 9. 

Hence N is the sum of a multiple of 9 and the sum of its digits so N is divisible by 9 if and only if its digit sum is.

(*) You might like to think about this: obviously any number of the type 9999 is divisible by 9. But this is also a special case of the algebraic truth that the polynomial expression xi-1 is divisible by x-1.
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 Can you write this using ( notation for xi-1?

Q3  

Both ISBNs give 0 mod 100.

Now think about a book with ISBN d10 d9….d2 d1 and 
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.  This means that 
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· Imagine that two digits got interchanged, WLOG these are d2 and d3.  Then the ‘new’ sum is 
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 . This differs from the correct sum by d2-d3.  So it will be a multiple of 11 if and only if d2-d3 is a multiple of 0 mod 11. Since these are both between 1 and 9 that is only possible if they are equal. And then it doesn’t matter if they are interchanged. So the check digit shows up any important interchanges. You can notice that using a mod greater than 9 helped here.

· Imagine that three digits get interchanged, so that WLOG d2 = d3 is written instead of   d3 = d4. Then the ‘new’ sum is 
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 instead of 
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. These differ by 3(d2-d4). The error will be missed iff 3(d2-d4)
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0 mod 11.

Now 3 is coprime with 11 so 3(d2-d4)
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0 mod 11( d2-d4
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0 mod 11 and so d2
[image: image20.wmf]º

d4 mod 11 which again is only possible if  d2=d4 ie all three digits were the same so it didn’t matter anyway if you doubled the wrong one.

Can I really say this WLOG since I have used 3 itself in the argument?

I could easily go through and rewrite as di, di+1, di+2. Then the error would be missed iff (i+1)(di-di+2)
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0 mod 11. But again (i+1) will be coprime to 11 since 11 is prime and i can’t be 10. So my argument is general. To present it neatly I would either use the example of 3 as I did above and add a line saying that the position is immaterial since any integer under 10 is coprime to 11; or I would write the whole proof using the more general i’s.  

Did anyone notice that di-1, di, di+1 would be neater?

I hope you can now see why 11 is a good choice – it is prime and bigger than 10.

Q4. i) 

77x
[image: image22.wmf]º

11 mod40  

( -3x
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11 mod40  using mod 40

( -3x
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11 mod40  

( 3x
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-11 mod40 now I either have to find 3’s inverse by Euclid’s algorithm or cast around for something that is a multiple of 3 and also 
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11 mod40.

I have spotted -11
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29 mod40
[image: image28.wmf]º

69 mod40 and so this

( -3x
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69 mod40
( -x
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23 mod40
( x
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-23 mod40
(x
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17 mod40

NB this means that x= …, -63, -23,17,57,97,… satisfy the congruence since these are all in the equivalence class of 17 with the relation modulo 40.

If I had looked for the inverse of 3 (or –3) called 3-1 (or (-3)-1).  I would have found 27 (or –27). NB it is quite easy to prove that for any mod n, (-a)-1= -(a-1).  

Then 3x
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-11 mod40 

multiply by the inverse both sides

( 27.3x
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-27.11 mod40 
simplify the LHS

( 1x
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-27.11 mod40 

which you have to work out to be 17

ii) 12y
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30 mod 54

can’t make 12 simpler mod 54 but can make 30 be -24

( 12y
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-24 mod 54

NOW don’t be tricked into just writing y=-2 mod 54.

12 and 54 share a factor 6 so 12 has NO inverse mod 54 which means that this congruence either has no solutions at all or several. To find out, try to ‘divide through’ by the common factor. I will show how to go ‘in’and ‘out’ of mod arithmetic to justify what I do.

12y
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30 mod 54 ( 12y = 30 + 54k for some integer k 
Divide by 6.

( 2y = 5 + 9k for some integer k

(2y
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5 mod 9.  







This is now a congruence mod 9 with a unique solution since (2,9) = 1. Think htat 5=14 mod 9 and it is clear that the solution is y
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7 mod 9.  

This obviously fits the intuitive y
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-2  from before but notice that  y
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7 or -2 mod 9 includes 7,16,25, 34,43,52, … etc whereas y
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-2 mod 54 has only 52 in that size of numbers.  So if you write an answer with mod 54 you are missing out many integer solutions because the equivalence classes are completely different.

iii) 
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I did this by noticing that 3-1 mod 17 is 6 but you could notice that 36 is 2 mod 17 and a multiple of 3.

Now I have both in the form “z=” I will use the Chinese Remainder Theorem which says that two congruences 
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have a unique solution mod 
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Here 17 and 21 are coprime so I need to find any old solution and it will be unique mod 17.21 =357.

I cant spot the solution so suppose 13+21k=12+17j then 17j-21k=1. If I use Euclid on that I get k=4,j-5 and so 13+21k=12+17j=97. My solution is 
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Q5.  0<a<23 
a
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20!2120 mod 23. where 23 is prime

We will use Wilson’s Theorem (p-1)! 
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-1 mod p  

so     22! 
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-1 mod 23  

and Fermat’s Little Theorem  which is usually given as:
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a st (a,p)=1, ap-1 
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1 mod p 




so
a22 
[image: image54.wmf]º

1 mod 23.

Hmm but this isn’t the same ‘a’ necessarily; its ‘any’ a.

Back to a
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20! 2120 mod 23 
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21! 2119 mod 23 
rearrange to get 21!
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- 22! 2119 mod 23  
since –1 is 22
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- (-1) 2119 mod 23  
by Wilson’s Theorem
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2119 mod 23 
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   21-3 2122 mod 23 
rearrange to get a22 where a = 21
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   21-3  mod 23 

by Fermat’s Little theorem so I need to find 21’s inverse in order to cube it, or cube it first and find its inverse.  (Not nice) You can use Euclid or say 21=-2 mod 23.
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   (-2)-3  mod 23 
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   - 2-3  mod 23 

odd power of –1
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   - (23)-1  mod 23 
 now need inverse of 8
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   - 3  mod 23 

8’s inverse is 3 mod 23 since 8.3=24
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   20  mod 23 

Get there in the end.

Q6.  

WE have 2N mod17 where N = 1013.  By Fermat’s Little theorem since (2,17)=1 and 17 prime 216 mod17 .  The division algorithm says that there exist q and r such that N=16q+r.  

In that case, 2N 
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 216q .2r mod17 
[image: image68.wmf]º

1q. 2r mod17 
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2r mod17,

So we need to find r: 16 is 24 and so the smallest power of 10 it divides into is 104. So I=16 definitely divides into N so r is 0 and 2N 
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 1 mod17 .

Now show that n7-n 
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 0 mod 42 
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n. 

Consider x 
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 n7-n  mod 42 . By the Chinese remainder Theorem this is the unique solution to 
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  unique since (6,7) = 1.  I can go further and say it is equivalent to 
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       Call this congruence using all primes (*)

Now take these one by one: 

· x 
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 n7-n  
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 0  mod 2 for all n since n7
[image: image78.wmf]º

 n  mod 2  (remember there are only 1 and 0 mod2; its like binary)

· x 
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 n7-n  
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 0  mod 3 since when (n,3) =1  n2
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 1 by FLT and so  n7
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 n  mod 3 .  Otherwise n 
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 0  mod 3 so x  
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 0 mod 3 anyway.

· x 
[image: image85.wmf]º

 n7-n  
[image: image86.wmf]º

 0  mod 7 since when (n,7) =1  n6
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 1 by FLT and so  n7
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 n  mod 7 .  Otherwise n 
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 0  mod 7 so x  
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 0 mod 7 anyway.

So (*) says that x  
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 0 mod 7, mod3, and mod 2 and hence x  
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 0 mod 42  (using the CRThm to go the ‘other way’ this time) .

Q7.   I’ll just do the first:

109917 mod3901.  Its too big for my calculator. You should use a spreadsheet … and/ or this method of repeatedly squaring and taking mods:

Well 10992 is 2392 mod 3901

So 10994 is 23922  = 2798 mod 3901

So 10998 is 27982  =  3398 mod 3901

So 109916 is 33982  = 3345 mod 3901

Finally 109917 = 3345.1099 = 1413 mod 3901    Letter O.

Q8  RTP: If p is prime and of the form 4k+1, then x2
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 -1 mod p  has solution x
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 ( (2k)! mod p.

Think: the elements of the field Fp are the residues (aka congruence classes aka equivalence classes) 1,2,3,4, …. , 4k   which is writing them in their ‘least positive’ forms.

Or I could write them in their ‘least absolute ‘ forms as (1, (2, (3, …., ((2k) where you notice we stop at half way which is 2k.

So 2k has some interest in the prime field. Notice also that we need factorials so that Wilson’s Theorem is likely to be useful.

By Wilson’s Theorem (p-1)! 
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-1 mod p  so here (4k)! 
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-1 mod p  

But as we did above I can write each of the numbers between 2k+1 and 4k in their negative form instead , so that  2k+1 
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-2k mod p… and 4k 
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-1 mod p. There are exactly 2k of these replacements so that 

(4k)! 
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1.2.3…2k.2k.(2k-1)….3.2.1 (-1)2k mod p  
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(-1)2k (2k)!2 
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 (2k)!2 mod p  . Hence x
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 ( (2k)! mod p is a solution to x2
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 -1 mod p.

Why is it the solution? 

Because a polynomial of degree d has at most d solutions in a field Fp. 

Why? – proof by induction .If you find a solution a you can take out a factor (x-a) to get your polynomial as a product of (x-a) and a smaller polynomial. Since p is prime one of these is 0 mod p. Either x
[image: image104.wmf]º

 a mod p is the only solution, or there are other solutions which are also solutions of the smaller polynomial and there at most d-1 of those.

Now let  (q-1)! 
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-1 mod q.  

Proof by contradiction: Suppose q wasn’t prime or 1 then it would have at least one factor n such that 1<n<q-1.

Now (q-1)! =1.2.3.    .n…..(q-1)  so is a multiple of n. 

Suppose q is not the square of a prime then for some factor n,  q/n (n and so both n and q/n are factors of (q-1)! . Hence q is a factor of (q-1)! And so (q-1)! 
[image: image106.wmf]º

 0 mod q.

Clearly this contradicts (q-1)! 
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-1 mod q.

But I haven’t tied up all the possibilities – what if q = p2?

If p>2 then 1<p< 2p<p2 so 2p2 is a divisor of (q-1)! And hence it is 0 mod q again. 

If p=2 then  (q-1)! = 1.2.3 
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 2 mod 4 so again it isn’t 1.

# hence q is a prime or 1.
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