p7

Numbers and Sets 2nd  Example Sheet

Q1.  The Inclusion Exclusion Principle for n sets A1, A2, … An gives a formula for the number of elements in the union of these sets:


[image: image1.wmf]I

U

n

i

i

n

n

i

i

i

i

i

i

r

n

i

i

i

i

n

i

i

n

i

i

A

A

A

A

A

A

A

A

r

r

1

1

...

1

1

1

1

1

)

1

(

...

...

)

1

(

...

2

1

2

1

2

1

2

1

=

-

<

<

<

<

-

<

<

=

=

-

+

+

Ç

Ç

Ç

-

+

+

Ç

-

=

å

å

å


I want to count the natural numbers under 1001 that are divisible by none of 2,3, or 5. 

These form a set S = {n
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N: n<1001, neither 2,3,5 divide n}. 

How shall I count S: Two features give me a hint of what to do. First, I can see that this set has a potential 1000 elements but there are three more constraints that all have to be satisfied: not divisible by 2 AND not divisible by 3 AND not divisible by 5. So we are talking about intersections for S rather than unions as in the Inc-Exc principle

Second, it is not going to be that easy to count how many numbers are NOT divisible by 5: much easier to find how many are. For example, in the numbers 1 to 1000, exactly 200 are divisible by 5 since 5 x1 = 5 is the smallest number to fit in this range and 5x200=1000 is the largest.

*Together these suggest it is better to turn the problem round and count the elements of the complementary set T =
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S = {n
[image: image4.wmf]Î

N: n<1001, at least one of 2,3, or 5 divide n}.  

Then |S|= 1001-|T|.

I am using the logical dual:

NOT(P AND Q AND R) =  (NOTP) OR (NOTQ) OR (NOTR)

To use Inc –Exc I now need to write down some simple sets A1, A2, … An  that T is the union of.

A1 ={ n
[image: image5.wmf]Î

N: n<1001, 2|n} 

A2 ={ n
[image: image6.wmf]Î

N: n<1001, 3|n} 

A3 ={ n
[image: image7.wmf]Î

N: n<1001, 5|n}    

and 
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This strategy will work if I can find the following seven numbers:

|A1| =how many even numbers between 1 and 1000 = 500 

|A2|= how many multiples of 3 between 1 and 1000 = 
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|A3|= how many multiples of 5 between 1 and 1000 = 200

|A1∩A2| =how many multiples of 6 between 1 and 1000 = 
[image: image10.wmf]ú

û

ú

ê

ë

ê

6

1000

 =166

|A1∩A3| =how many multiples of 10 between 1 and 1000 ==100

|A2∩A3| =how many multiples of 15 between 1 and 1000 = 
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|A1∩A2∩A3| =how many multiples of 30 between 1 and 1000 = 
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 Put it together: 
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=500+333+200-(166+100+66)+33 =734 

and so |S| = 1000-734 = 266.

Do the same from * onwards to find that there are 720 numbers between 1 and 1000 not divisible by 7,11, or 13.

Q2.  

You could prove this by induction on r, the number of primes in the product, but it involves a few twists. It is easier to use the Inclusion –Exclusion Principle as above but with r primes instead of 3.

We want to find S = {n
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N: n≤m, n is coprime to m} where 
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 or we could also write this using a ‘big pi for product’ sign
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We will start by counting the elements of the complementary set

 T =
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S = {n
[image: image18.wmf]Î

 N: n≤m, at least one of the pi divide n}.  Then φ(m) = |S|= m-|T|.

To use Inc –Exc I now need to write down some simple sets A1, A2, … Ar  that T is the union of.

A1 ={ n
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 N: n≤m, p1|n} 

A2 ={ n
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 N: n≤m, p2|n} 

…

Ar ={ n
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 N: n≤m, pr|n}    

and 
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This strategy will work if I can find the size of all the sets and all their intersections:

|Ai|= how many multiples of pi between 1 and m,  i.e.
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p

m

 or, equally, 
[image: image24.wmf]i

k

r

k

k

k

p

p

p

p

p

r

...

3

2

1

3

2

1

 or even 
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 . The first, 
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|Ai∩Aj| =how many multiples of pi pj between 1 and m = 
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 Put it together: 
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Going back to φ(m) =m-|T|  we now have 
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Why is this the same as  φ(m) = 
[image: image34.wmf])
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 ?  Imagine multiplying this out. From each bracket you take either a 1 or a 
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b) Look at an example eg n=18 and see what happens when you write the fractions in the lowest terms. I have put the ones with the same denominator in the same row.  Then the d column says what the denominator is in lowest terms (when you have cancelled n/d from top and bottom of the fraction).

Notice in the How many column that there are φ(d) fractions for each d and then these add up to 18.

	1/18
	2/18
	3/18
	4/18
	 5/18
	6/18
	7/18
	8/18
	9/18
	…
	18/18
	Div by d
	How many?

	 
	 
	 
	 
	 
	 
	 
	
	
	
	 1
	1
	1

	 
	 
	 
	 
	 
	 
	 
	
	1/2
	
	 
	2
	1

	 
	 
	 
	 
	 
	 1/3
	 
	
	
	2/3
	 
	3
	2

	 
	 
	 1/6
	 
	 
	 
	 
	
	
	5/6
	 
	6
	2

	 
	 1/9
	 
	2/9 
	 
	 
	 
	4/9
	
	5/9, 7/9, 8/9
	 
	9
	6

	1/18
	
	
	
	5/18
	
	7/18
	
	
	11/18, 13/18, 17/18
	
	18
	6


The proof for n=18 is then: 

For each divisor d you can cancel top and bottom of the fraction 
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 and you then have d fractions: 1/d , 2/d up to d/d.  Amongst these, those that have denominators that are coprime to d can’t be cancelled further so are in their lowest terms – and there are φ(d) of these ‘in lowest-terms’ fractions for each d.  

The others won’t stay with this denominator d but will get counted for another divisor.

So one way of counting the fractions gives 
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And another way gives n (1/n up to n/n) , hence
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Set up a proof by induction: Let P(n) be the statement    23n+1 + 3n+1 is a multiple of 5.

· First show P(0) is true:   23.0+1 + 31.0+1 = 2 +3 =5  =5.1  P(0) is true

· Now for the inductive step: let P(n) be true and show that P(n+1) follows:

Need to do two things – work out exactly what we have to do to prove P(n+1), and then work out how to use P(n)

23(n+1)+1 + 3(n+1)+1 = 23n+4 + 3n+3 = 8.23n+1 + 3.3n+1 and need to show this is a multiple of 5. Try to make 5’s appear … and keep the powers 23n+1 and 3n+1 as they are in P(n).

8.23n+1 + 3.3n+1 = 5. 23n+1+3. 23n+1+3. 3n+1 =5. 23n+1+3. (23n+1+3n+1)

This is the sum of 5. 23n+1 which clearly is a multiple of 5, and 3(23n+1+3n+1) which is a multiple of 5 by P(n). So P(n+1) is true. 

So by induction P(n) true for all n≥0.

Similarly for all the 7s.

Now to devise one for 11. We will stick with powers of 2 and 3, say 2an+b+3cn+d for some a,b,c,d that we should work out.

To get P(0) true we need to have 2b+3d being a multiple of 11. So b=3, d=1 will work, or b=1,d=2, and so will other examples.

Then we also need to make the inductive step work.

When we work on P(n+1) we do

2a(n+1)+b + 3c(n+1)+d == 2a.2an+b + 3c.3cn+d =  (2a -3c ).2an+b + 3c (2an+b +3cn+d ) 

Given that the last bit divides by 11, the whole thing will too if (2a -3c ) divides by 11.

So we can choose eg a=4 and c=3 so that 2a -3c =-11. 

This gives us an expression that should always be a multiple of 11: 24n+1+33n+2
And in fact there are many: 24n+3+33n+1 also works.

And for 13 the working would be the same but now you need to find a,b,c,d so that:

2b+3d  and 2a -3c  both divide by 13.

Notice I am not being lazy here. The working is exactly the same so there is no point repeating it when one could get lost in the details.

One answer is 24n+2+3n+2
Q4. i) Want to prove or find a counterexample to (a,b)(c,d) = (ac,bd).

Basically: when you multiply pairs of numbers, is the greatest common denominator of the products the same as the product of the original two gcds?

If I chose all the numbers to be coprime its certainly likely, so let’s instead explore with a few common factors…

a=4, b=6  so (a,b)=2    c=3 d=6 (c,d)=3  (ac,bd)=(12,36) = 12  but this isn’t 2.3

We have a counterexample so FALSE.

Notice in the prime factorisations: ac=22.3 and bd=22.32 so 22 = 4 divided ac and bd.  But a and b only had a single 2 in common, and c and d had none; the extra 2 came from the a and the d but it could only be shared after the multiplication.

ii) Want to prove or find a counterexample to (a,b)(a,d) = (a2,bd).

This looks like a special case of the above with c=a so its likely to be false.

Try the same again: a=4, b=6  so (a,b)=2    a=4 and I want d to have another factor with a so d =6. Then  (4,4) = 4 but (a2,bd) = (16,36) = 4 and not 8.

Another counterexample so FALSE

iii) Want to prove or find a counterexample to (a,b)=(a,d) =1 implies  (a,bd)=1.

So if a and b, and a and d are coprime then so are a and bd. Seems likely.

If we take the Fundamental Theorem of Arithmetic as the basis of our argument then we can talk about prime factorisations. 

Let 
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And then (a,b) =
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. But if (a,b) =1, then for each prime the minimum power, either its k or j, is 0.  So (a,b) =1 is equivalent to saying that no prime pi can appear in both prime expressions.

Similarly for a and d.

When you multiply b and d, the prime expressions are multiplied and no new primes appear other than ones in b or d,  and so bd will share no prime factors with a and (a,bd)=1.  TRUE

There is another way of proving this using Bezout’s Theorem which is even more ‘fundamental’ than the Fundamental Theorem of Arithmetic.  Bezout’s Theorem says that for any pair of integers a and b, there exist integer coefficients x and y such that ax+yb=(a,b).  

We call ax+yb a linear expression in a and b; obviously there are infinitely many linear expressions depending on the values of x and y.

Moreover, it says that (a,b) is the least positive integer to be written as a linear expression in this way. 

Here (a,b) =1 so there are coefficients x and y such that ax+yb=1.

Also (a,d) =1 so there are coefficients x’ and y’ such that ax’+y’d=1.

Now multiply those together: (ax+yb)( ax’+y’d) =1.1=1

The RHS is a(axx’+ybx’+xy’d) + yy’(bd) which is a linear expression in a and bd. Since it equals 1 it is the smallest  positive linear expression and so (a,bd)=1. TRUE

4iv)  Want to prove or find a counterexample to ‘If a=qb+c then (a,b)=(b,c)’

This is the basis of the Division algorithm and Euclid’s algorithm.

Let’s experiment first: say a=100, b=15 then 100=6.15+10 so c=10. The gcd of 100 and 15 is 5, and the gcd of 15 and 10 is 5. Seems Ok. 

(Notice the 6 comes from how many times 15 ‘divides into’ 100; 6 is called the quotient and 10 is the remainder)

We won’t use ‘unique prime factorisation’ here because we have addition qb+c and that would get messy.

We could maybe use Bezout’s Theorem but its much more useful when you know what the gcds are (and  particularly when they are 1) 

Instead going to use the definition of    greatest …common … divisor

Suppose (a,b) = d then d|a and d|b so d| a-qb which means d|c. Hence d is a common divisor of b and c. So d≤(b,c).

Now think about e=(b,c) e|b and e|c so that e|qb+c which means e|a. Now e is a common divisor of b and a. So e≤(b,a).

I have just shown that d≤e and that e≤ d so clearly d=e. TRUE

(You don’t have to introduce the d’s and e’s ; you could just write (a,b) etc but I thought it made it clearer)

v)  Want to prove or find a counterexample to ‘If a=qb+c then (a,b)=(a,c)’

Well my example above a=100, b=15, c=10 shows this is FALSE as (a,c) =10 and not 5.

Q6.  

This is an adaptation of Euclid’s proof that there are infinitely many primes.

To prove it we have to understand a little about classifying numbers by their remainders after division by 4.  With this approach, all integers fall into four types ; 4k, 4k+1, 4k+2 and 4k+3.  The 4k’s are multiples of 4 and obviously even. The 4k+2’s are even. The others are odd. So clearly all the odd primes will either be of the type 4k+1 or 4k+3.

Another thing to notice is that we could call the 4k+3 type the 4k-1 type as this would give the same set of numbers {…-5,-1,3,7,11…}

And also that any odd number has only got odd divisors. We will show in the proof that  a 4k+1 number could have divisors that are only of the one type, 4k+1, BUT a 4k+3 number MUST have at least one 4k+3 divisor..

Once you have got your head round those sort of ideas, this is one* proof:

It’s a proof by contradiction with the premise being ‘There are only finitely many primes of the form 4k+3’.   Suppose that is true then you can take all those primes and list them as say: a, b, ..., p, q.  They all leave a remainder of 3 when divided by 4. The first one is a=3, the last one ... who knows, but there’s only a finite number so you will finish the list eventually. 


Multiply them all together, multiply by 4 and subtract 1, ie let N = 4a.b.c.d….p.q -1.

Clearly N is one less than a multiple of 4 so is of the 4k+3 type.

· Either N is prime (in which case we have found a new prime which wasn’t in the list)

· Or N is composite. But none of a,b,c, etc divide into N as they all divide into N+1. So in this case its prime factors are either all 4k+1 types or new primes of the 4k+3 type.


Now consider - as an aside - what happens when you multiply two odd numbers together: 

· If they are both of the form 4n+3, say 4n+3 and 4m+3, the product is (4n+3)(4m+3) = 16mn + 12m + 12n + 9 = 4(4mn + 3m + 3n + 2) + 1. So the product is of the form 4k+1. 
· If they are both of the form 4n+1, say 4n+1 and 4m+1, the product is (4n+1)(4m+1) = 16mn + 4m + 4n + 1 = 4(4mn + m + n) + 1. So the product is also of the form 4k+1. 
· If one is of the form 4n+3, and the other of the form 4m+1, the product is (4n+3)(4m+1) = 16mn + 12m + 4n + 3 = 4(4mn + 3m + n) + 3. So in this case the product is of the form 4k+3. 

Our answer N is of the 4k+3 type so it can’t be the result of multiplying primes that are ALL 4k+1’s; it must have a 4k+3 factor.

To recap, N is either a new prime of the form 4k=3 that was not in the list or it has a factor that is such a prime.

# This contradicts the premise. Instead we can say:

‘There are infinitely many primes of the type 4k+3.’

*Just noticed I suggested making N= 2.3.5.7….+1 which is also of the form 4k+3 and the rest applies.

Q7.   1992x +1752y is a linear expression in 1992 and 1752 and we know that the smallest positive value this can take is their greatest common divisor.

What is this? I could look for prime factors but instead I will use Euclid’s algorithm to work it out:

1992 = 1.1752 + 240

1752 = 7.240   + 72

240   = 3.72     + 24

72     = 3.24     +  0      this is the end so the gcd (1992,1752)=24.

It is therefore impossible to find integers so that 1992x +1752y=12.

Notice also that since 24 goes into both 1992 and 1752 that every linear expression 1992x +1752y  is a multiple of 24, and so it can’t be 25 or 36 or many other values higher than 24 too. The only values that 1992x +1752y can take are multiples of 24.  

Now for 2622x +1992y =12.

First I will find one x,y pair that works (using Euclid’s algorithm) and then calculate what the others are from that.

NEVER work with equations that aren’t in their lowest terms: here divide through by 6 to get: 437x +332y =2
So this is Euclid’s algorithm:

437 = 1. 332 + 105   line 1    links 437, 332 and 105

332   = 3.105  + 17   line 2    links 332, 105 and 17

105   = 6.17    + 3     line 3     etc

17     = 5.3      + 2     line 4

3       = 1.2      +1      line 5

2       = 2.1      +0    so (437, 332) = 1    

Now to reverse Euclid’s algorithm:

From line 5 I can write 1 = 3   -1.2 . Then I express the 2 in terms of 3 and 17 





From line 4 I can write 2 = 17  -5.3

So 1 = 3 – 1.(17-5.3) = -1.17 +6.3 and now I work back to express the 3 





From line 3 I can write 3 = 105  -6.17

1 = -1.17 +6.(105-6.17)=-37.17+6.105 and now I express the 17 in terms of 105 and 332





From line 2 I can write 17 = 332  -3.105

1 = -37.(332 – 3.105)+6.105 = -37.332 +117.105 





From line 1 I can write 105 = 437 - 332

So 1  = -37.332 +117.(437-332)  = 117.437-154.332 

After a lot of fiddly work I have found a solution for 1. Put x= 117 and y= -154= to get 

437x +332y =1. 

We want double that so let x= 234 and y = -308.

Ctd over

 Now to find all the other solutions to 437x +332y =2. 

Here is the reasoning: if x,y is another solution then 

437x +332y =2 = 437.234 +332.(-308).

So we can rearrange this to say     


437(x-234) = -332(y+308)

Since 437 and 332 have no common factors, it must be true that 

437|y+308 and 332|x-234.

And then 
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So the other x,y solutions must be of the form 
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I have put these in a table to show how they work for k between -1 and 3.

	k
	x
	y
	437x
	332y
	437x +332y

	-1
	-98
	129
	-42826
	42828
	2

	0
	234
	-308
	102258
	-102256
	2

	1
	566
	-745
	247342
	-247340
	2

	2
	898
	-1182
	392426
	-392424
	2

	3
	1230
	-1619
	537510
	-537508
	2


You can see that the x column goes up in 332s, and the y column goes down in 437s. This means that the 437x and 332y columns change to compensate each other so their sum is still 2.

Be careful : they change in 437s and 332 because these were coprime. They dont change in 2622s and 1992s like the original equation. That was why we had to cancel right down to lowest terms. 

If you want practice try 2662x+1992y= 12.

(One solution is 666, -890)
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