Numbers and Sets 1st Example Sheet

Q1.  A point on the real plane is rational is both its co-ordinates are rational numbers.  

So it is non-rational if one or both of its co-ordinates is irrational. Want lines and circles consisting entirely of non-rational points ie no rationals satisfy their equations.

This question is of the type: prove that there exist objects x such that property y.  So the proof is to give examples of objects x and explain why your examples have y.

Examples of lines: x=π or even y=√2.x since as we see in Q2 whenever x is rational then y is irrational and vv.

Examples of circles: x2+y2 = π or x2+y2 = any irrational. I show that this has entirely non-rational points by contradiction:  if both x and y were rational then their squares are too, and so the sum on the LHS is rational. # (I shall use the hash sign for a contradiction: #)

Q2.   I shall do this for √3.  It’s a proof by contradiction: suppose √3 were rational then there would exist p 
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Z and q 
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N\{0} such that p and q have no common factors(*) and  p2=3q2.  That means that 3|p2 and so 3|p by unique prime factorisation (or by considering what would happen to p2 if p was either one more or one less than a multiple of 3, ie p = 
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 and showing these options are false). Therefore 
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r such that p=3r and then 9 r2=3q2 but then 3r2=q2 and so 3| q by the same reasoning and 3 is a common factor of p and q.# contradiction with (*) so the premise was false and √3 is irrational.

Now for √2 + √3.  First make sure you square this correctly……

Similarly: suppose it were rational then there would exist p 
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Z and q 
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N\{0} such that p and q have no common factors(*) and  p2=(5+2√6) q2.  

Not so nice as above yet. Focus on √6 =  
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. The RightHandSide (RHS) is rational, but the LHS we would expect to be irrational . If I can just prove this about the LHS then #, the premise was false and √2 + √3 is irrational.

To prove √6 is irrational repeat pretty much what we did for √3 above.  You can EITHER follow the whole thing through with p2=6q2 and show that 6 is a common factor of p and q, (relying on the uniqueness of prime factorisation or what happens if you square numbers with remainder1,2,3,4,5 on division by 6), OR notice that p2=6q2 implies that 3|p and carry on to show that 3 is a common factor of p and q, OR notice that p2=6q2 implies that 2|p and etc 2|q.#. 

An algebraic number is a real number that is a solution to a polynomial equation with integer coefficients. (Alternatively I can say rational coefficients. It’s the same thing as I can just multiply/divide through by an integer and the solutions don't change).

So let x = √2 + √3.  To prove it is algebraic, I have to find the appropriate equation that x satisfies. As above 2√6=5-x2. Now there is only one surd…square it again to get rid  of the irrational bit:

24=(5-x2)2 = 25-10x2+x4 so a simplified equation is x4-10x2+1=0 which has integer coefficients.

Now let 
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R/Q and r 
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 Q (so we can write r = p/q with p 
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Z and q 
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N\{0} such that p and q have no common factors but I don’t think we will need to)  

Think about adding (subtracting)

You know - instinctively at the moment -  that the set of rationals Q is closed under addition (subtracting) ie the sum (difference) of two rationals is another rational. You could prove this with ps and qs etc.

Also that any rational has a rational inverse: for addition the inverse of +r is –r because r+(-r) =0.  In effect when we talk about subtracting we really mean adding the inverse.

· 
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+r is necessarily irrational. If it was rational then (
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+r) +(-r) would be the sum of two rationals and so rational but it is obviously 
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 and so irrational #.

· 
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can be rational eg let 
[image: image16.wmf]a

 =
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=0. Or it can be irrational as with √2 + √3.

Now for multiplication (division) we have a similar idea

You know that the set of rationals Q is closed under multiplying (dividing) ie the product (ratio) of two rationals is another rational. 

Also that any rational has a rational inverse: for multiplication the inverse of r is 1/r because r x 1/r =1.  In effect when we talk about dividing we mean multiplying by the inverse. Notice the roles of 1 for multiplying and 0 for adding.  In each case they are called the identity elements, the numbers that cause no change: r+0 = r while r x 1 = r.

Back to 
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 Q.
· 
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.r is necessarily irrational. If it was rational then (
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.r) x (1/r) would be the product of two rationals and so rational but it is obviously 
[image: image23.wmf]a

 and so irrational #.

· 
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 can be rational eg let 
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. Or it can be irrational as with 
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And the last bit introduced powers …what does 
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mean? Now I need r = p/q and then 
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is the qth root of r to the power p.

· 
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can be rational eg if  
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 and r=2. Or it can be irrational eg 
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Notice that I have used surds in all my examples rather than non-algebraic (also called transcendental number such as pi or e) . This is because surds are closer to rationals and so it illustrates the difference better. 
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Q3  i) There are three independent statements P, Q R so you will need 23 rowS. The order doesn’t really matter. The two bold columns are built up from previous columns and the statement of logical equivalence is proved if the two columns  are the same.

	P
	Q
	R
	Q OR R
	P AND (Q OR R)
	P AND Q
	P AND R
	(P AND Q) OR (P AND R)

	T
	T
	T
	T
	T
	T
	T
	T

	T
	T
	F
	T
	T
	T
	F
	T

	T
	F
	T
	T
	T
	F
	T
	T

	T
	F
	F
	F
	F
	F
	F
	F

	F
	T
	T
	T
	F
	F
	F
	F

	F
	T
	F
	T
	F
	F
	F
	F

	F
	F
	T
	T
	F
	F
	F
	F

	F
	F
	F
	F
	F
	F
	F
	F


ii) The dual is got by changing all ands to ors and vv. So I state it as;

P OR (Q AND R) 
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(P OR Q) AND (P OR R)

	P
	Q
	R
	Q AND R
	P OR (Q AND R)
	P OR Q
	P OR R
	(P OR Q) AND (P OR R)

	T
	T
	T
	T
	T
	T
	T
	T

	T
	T
	F
	F
	T
	T
	T
	T

	T
	F
	T
	F
	T
	T
	T
	T

	T
	F
	F
	F
	T
	T
	T
	T

	F
	T
	T
	T
	T
	T
	T
	T

	F
	T
	F
	F
	F
	T
	F
	F

	F
	F
	T
	F
	F
	F
	T
	F

	F
	F
	F
	F
	F
	F
	F
	F


iii) T is a tautology so always true in a truth table.   Clearly columns for P and P
[image: image36.wmf]T

Ù

are the same.  

	P
	T
	P AND T

	T
	T
	T

	T
	T
	T

	F
	T
	F

	F
	T
	F


You might notice that in everyday speech P and T usually infers more meaning than simply P because of what is called the doctrine of relevance. If I say ‘I am happy and I am typing’, you would infer that the two were linked somehow. But in maths there is no such link.

iv) This is not proving an equivalence but the truth of a statement. So we want a column for P AND Q
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 P that is always true.   It’s patently obvious of course so we must be expected to really unpick what A
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B means, and prove it form that. As you saw in lectures A
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B is equivalent to  (NOT A) OR (A AND B). Notice here I am using A for P AND Q and B for P; that is an attempt to distance myself from the fat that they both involve P and try to just apply the laws of logic.

	P
	Q
	P AND Q ie A
	NOT (P AND Q) 

Ie NOTA
	(P AND Q) AND P ie A AND B
	NOT (P AND Q) OR ((P AND Q) AND P) 

ie P AND Q
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 P

	T
	T
	T
	F
	T
	T

	T
	F
	F
	T
	F
	T

	F
	T
	F
	T
	F
	T

	F
	F
	F
	T
	F
	T


 Ctd.

Or if I am confident with doing the truth columns for A
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 B as being true whenever a is false and also when both are true than I could just write: 

	P
	Q
	A

ie P AND Q
	B 

ie P
	A
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 B
ie P AND Q
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 P

	T
	T
	T
	T
	T

	T
	F
	F
	T
	T

	F
	T
	F
	F
	T

	F
	F
	F
	F
	T


v) Another set of tables with equivalent columns. I repeated the Q columns otherwise I got confused.

	P
	Q
	P 
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 Q
	P OR Q
	Q
	(P OR Q) 
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 Q
	P AND Q
	Q
	P 
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 (P AND Q)

	T
	T
	T
	T
	T
	T
	T
	T
	T

	T
	F
	F
	T
	F
	F
	F
	F
	F

	F
	T
	T
	T
	T
	T
	F
	T
	T

	F
	F
	T
	F
	F
	T
	F
	F
	T


Q4. You have the statement that a sequence x1,x2… converges to a real number L (its limit)  which I can say as: for any positive real epsilon,ε, there is a threshold integer N such that for all n greater or equal to N, the nth term of the sequence xn is less than epsilon away from L. 

(Another way to say the last bit is that all the terms in the sequence that come after xN are less than epsilon away from L. And you might just bear in mind that the way this is written implies that for each different ε there would be a different N: obvious really).

Now to negate that so it doesn’t converge to L: 
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There is an epsilon so that however large I pick N, there will always be a larger n with  xn being at least epsilon away from L.

If it doesnt converge to any limit then I need to say something about any L at the beginning:
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Now to prove that if M≠L that the sequence (xn) can’t converge to both M and L.

Suppose it converges to M then 
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and if it converges to L then 
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Notice that I have called the two thresholds different letters NL and NM because there is no reason to think they are the same. 

Now what happens if I choose a particular value of ε that is less than L-M, say 
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.  Once the sequence has gone past both NL and NM then 
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. Imagine M and L in a line and 
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 defines the half way point ; I am saying that x is  both nearer to L and nearer to M, obviously #. 

Just have to put this formally now.  I am going to use a fact called the triangle inequality which is true about absolute differences or indeed about vector lengths:

Normally you could relate differences with an equation:

a-b=(a-c)+(b-c) but when this applies to vectors or absolute values all we can say is 

 |a-b|≤ |a-c| +|b-c|      (a side of a triangle is shorter than the sum of the other two sides)

and just notice that |a-c| =|c-a| etc so you can turn any round at will.

Using this ,  
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 # as something can’t be less than itself. So we cant have both converging unless M=L.

5i) Want to prove that 
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Another way of saying this is as an implication:  
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Both these are kind of obvious but writing it as a set theory proof means turning anything about unions and intersections into logical statements about set A and set B. Here goes: 
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and you can see that we are using the logic of Q3iv.

ii)  Want to prove that 
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 and vice versa.

So start with: 
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which by the logic of 3i means that 
[image: image67.wmf]C)

 

and

 

(

or 

 

)

 

and

 

(

Î

Î

Î

Î

x

A

x

B

x

A

x

 and so 
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The argument can be reversed to show the inclusion the other way round and sot he two sets are equal.

Q6.  This is just about two sets so you could use a Venn diagram, and you would have to explain your shading.  But to practice with set proofs, turn these four set statements into logic and we will call them P1 etc to mean Proposition 1,  
P1) 
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P2) 
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P3) 
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P4) 
[image: image74.wmf]B

x

B

A

x

Î

Û

È

Î

 which I can unpick further as 
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Now clearly P1 
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P2 (or we could say P1 
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P2 ) since P2 is the contrapositive of P1.

Now to link P1 and P3: 
One half of P3 is obvious and doesn’t need us to use P1, since 
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 (so 
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 this is the set theory version of 3iv).  

We do need to use P1 for the other half of P3; 
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by P1 so 
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So the sets are equal and P3 is equivalent to P1.
Now P1 and P4.  Again 
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 is obviously true and is the set version of P
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P or Q. To prove P4 the other way, 
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 and using P1 this implies 
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Q7.   The transitive closure of a relation R is the smallest transitive set that contains R.  

A relation R is transitive if whenever (x,y) and (y,z) are in R then (x,z) is also in R.  Looking the examples you can see that since (1,2) and (2,3) are in R then you need to include (1,3) in R, which means you need to include (1,4), and then (1,5) etc. 

Starting with (2,3) you will have (2,4), (2,5) etc.

You can either write the transitive closure R’ out as examples with dots to show the pattern R’={(1,2), (1,3), (1, 4) …(2,3), (2,4) …}  or with an algebraic description R’=
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note here 
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For S the transitive closure is S’=
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Q8  A relation R is defined on S = Z x N.  Now this is potentially confusing if we use the definition that a relation is a subset of S x S as I would have direct products of direct products. So I shall try to prove everything in terms of the given definition (a,b)R(c,d) 
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To show R is an equivalence relation I need to show that it is reflexive, symmetric transitive, and that means working from the definitions of these three properties. 

· R is reflexive means:
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which is the same as (a,b)R(c,d) but replacing c with a and d with b. Having looked at what I start with and where I want to end I can see the proof: 
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· R is symmetric means:
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.  Here I start with x=(a,b) and y=(c,d) and I know that ad=bc, and what I want to prove is 
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 which is swapping c with a and d with b. Having looked at what I start with and where I want to end I can see the proof: 
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· R is transitive involves three arbitrary elements of S: 
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.  Call these x=(a,b) and y=(c,d) and z=(e,f) where we know ad=bc and cf=de. We want to show that af=be.  Since S = Z x N the last element cant be 0 so we don’t have to worry about dividing by 0. So a/b=c/d=e/f and thus af=be as required.
The quotient set S/R (said S factored by R) is the set of equivalence classes of S formed by R. ‘Looks like’ is not a mathematical phrase so we need a rough idea here.  What does one equivalence class look like?

The equivalence class of (1,2) is denoted [(1,2)] and contains (1,2) itself since R is reflexive, plus anything else of the form (a,b) with 2a=1b or a/b = ½.

So [(1,2)]={(1,2), (2,4), (3,6) ….}

Try another example eg [(2,3)] = {(2,3), (4,6), (6,9) ….}

Doesn’t it remind you of equivalent fractions?

I would say the equivalence class of (a,b) contains every ordered pair which would give a fraction equal to a/b. 

So S/R which is the set of all equivalence classes, ‘looks like’ the set of all fractions Q.

Q10.  We have f: A→B where A and B are non-empty sets.
a) This is a two part proof since it has an ‘if and only if’

Suppose f is injective.  Want g st g°f=IdA.  Informally , we have f sending a to b so we want an inverse that returns b to a whenever b is in the image of f.  It doesn’t matter much what g does for any other b’s as long as they end up at some element of A.

Pick out an element a0 of A.  Define g: B→A so that g(b) = a if 
[image: image101.wmf]$

a st f(a) = b and otherwise let g(b) = a0. This gives us g°f=IdA and g is well-defined as there is only one such a for each b.
Now suppose that g exists. To prove f is injective we show that f(a)=f(a’)
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a=a’ ie you cant have different elements of A going to the same element of B.

Start with f(a)=f(a’). Do g to both sides of this so gf(a)=gf(a’) and this means that a=a’.  S f is injective.

Now for surjective

b) Suppose f is surjective so the image of f is B.  Want g st f°g=IdB.  Informally, we need to have g sending b to one of the a’s that f will then return to b.  

Try defining g: B→A so that g(b) = a st f(a) = b. There is no problem with finding an a for each b because every b is the image of some a under f.  But g could be ill-defined if there are two or more a’s for any b. So we need to also call on the ‘axiom of choice’ which says that we can always make a rule to pick one thing out of a non-empty set. (Often it will be easiest to pick out the smallest element of a set.) Without going in to details about how I will define g, it is obvious form the axiom of choice that I could. So g exists.
Now suppose that g exists. To prove f is surjective we show that 
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. Well, for any b we know that g(b) exists and it is an element of A, with f(g(b)) = b. So g(b) is the a we have been looking for, and f is surjective.
Examples: I clearly need an injective but not surjective function for f. For example, let A=N; B= Z, and f(a) =a2  and g(b) = +√b. Then gf(a)=a but fg(b)= -b when b is negative. I chose f  as squaring because then it only maps to the positive ‘half’ of Z , but it is injective because it maps from N so there is only one a for each a2.
Note that if I used the same rule but for A=B= Z then gf(a)=|a| = -a when a is negative so you don’t get an inverse for A either.
Q11
a) The RHS is the number of ways to choosing k objects from a set with m objects of one kind and n of another, say k individuals from m reds and n blues.  However these k objects could be 0 red and k blue, or 1 red and k-1 blue, or … , or finally k red and 0 blue. The number of ways of picking r reds and k-r blues is 
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  so the LHS is indeed the total number so such ways when r = 0, 1,   k. 

We have the result: 
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b)  Now in the above argument, let m=n, and k=n, so 
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Also note that the number of ways of picking r from n is the same as the number of ways of picking n-r from n as you are just focussing on what to leave out rather than put in. So 
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 as required.
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